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Biaxials’ model

q := m⊗m−
1

3
I, b := e⊗ e− e⊥ ⊗ e⊥

V = −U0 {q · q′ + γ(q · b′ + b · q′) + λb · b′}

U0 > 0 and λ, γ model parameters

Q = S(ez ⊗ ez −
1

3
I) + T (ex ⊗ ex − ey ⊗ ey)

B = S′(ez ⊗ ez −
1

3
I) + T ′(ex ⊗ ex − ey ⊗ ey)

pseudo-potential

U = −U0(q ·Q + λb ·B)
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Mean-field equations

partition and distribution functions

Z (Q,B, β, λ) =

∫

T

exp (β (Q · q + λB · b))

f =
1

Z
exp [β(q ·Q + λb ·B)]

T := S
2 × S

1, β :=
U0

kBt

kB Boltzmann constant and t absolute temperature

Q = 〈q〉 =

∫

T

fq B = 〈b〉 =

∫

T

fb

F (Q,B, β, λ) = U0

{

1

2
Q ·Q +

λ

2
B · B−

1

β
ln

(

Z (Q,B, β, λ)

8π2

)}

,
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λ = 0.36
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Q = S(ez ⊗ ez −
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3
I) B = T ′(ex ⊗ ex − ey ⊗ ey)
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λ = 0.36
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3
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λ = 0.92
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λ = 0.92
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Phase Diagram and Tricritical points
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Reference triangle
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−
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D

(
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,
1

9

)
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)

, C

(

0,
1

3

)

, A (−1, 1)

r : 2γ + 3λ − 1 = 0
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Model: 2γ = 1 − 3λ

q∗ := e⊗ e−
1

3
I, b∗ := m⊗m − e⊥ ⊗ e⊥

V = −U0

{(

9λ − 1

2

)

q∗ · q∗′ +

(

1 − λ

2

)

b∗ · b∗′

}

V ∗ = −U0

(

9λ − 1

2

)

{

q∗ · q∗′ + λ∗b∗ · b∗′
}

which is equivalent to γ = 0 model by transforming the model

parameter and β as follows

β∗ = β

(

9λ − 1

2

)

, λ∗ =
1 − λ

9λ − 1
[

1

9
, 1

]

7→ [0,∞] ,

[

1

9
,
1

3

]

7→

[

1

3
,∞

]

i.e.DA 7→ OP∞, CD 7→ CP∞

P∞ (0,∞)
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Order parameters

Q∗ = S∗(ez ⊗ ez −
1

3
I) + T ∗(ex ⊗ ex − ey ⊗ ey)

B∗ = S′∗(ez ⊗ ez −
1

3
I) + T ′∗(ex ⊗ ex − ey ⊗ ey)

with the following corrispondence on the order parameters

S =
S′∗ − S∗

2
, T =

T ′∗ − T ∗

2
,

S′ =
S′∗ + 3S∗

2
, T ′ =

T ′∗ + 3T ∗

2
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Conjugated phase diagram
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We can rewrite the model in the following way

Vµ = −U0

(

1 − λ

2

)

{

b∗ · b∗′ − µq∗ · q∗′
}

µ =
1 − 9λ

1 − λ
, βµ = β

(

1 − λ

2

)

λ ∈

[

0,
1

9

]

⇔ µ ∈ [0, 1] ⇔ BD

mean-field

fµ =
1

Zµ

exp (βµ (B∗ · b∗ − µQ∗ · q∗))

Zµ :=

∫

T

exp (βµ (B∗ · b∗ − µQ∗ · q∗))

Q∗ = 〈q∗〉 =

∫

T

fµq
∗ B∗ = 〈b∗〉 =

∫

T

fµb∗
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µ = 0.7
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µ = 0.7
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Representation in the order parameters space for µ = 0.7
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3D representation
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µ = 0.7

Fµ =

{

1

3
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µ

3
S2 − µT 2 −

1

βµ

log
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8π2
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Bifurcation points’ path
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µ = 0.989 > µt Free energy at the transition point
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µ−model phase diagram
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Reference triangle
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Complete Phase diagram
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Reference triangle
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Complete Phase diagram: µ−version
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Future work

• Bifurcation Analysis inside the reference triangle to identify the

generic topology of the phase diagram and to analyse its

convergence to γ = 0−model and 2γ = 1 − 3λ−model.

• Numerical continuation of the tricritical points C2 and C3
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