Telephone-cord instabilities in thin
smectic capillaries

Paolo Biscari, Politecnico di Milano, ltaly

Maria Carme Calderer, University of Minnesota, USA

P.Biscari, M.C.Calderer Tel-cord instabilities Cortona '05 1/19



Overview

e Free energy functional and geometry
e Chirality-induced SmA-SmC transition
e Bent SmA*

e Helicoidal SmC*
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Nematic liquid crystals - Frank energy
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Order parameter: n, director

Onem — K1 (divn)2+ K5 (n -curlmn + qch)2+ Ks ‘n A curln + vg ’
+ (Kg + K4) (tr(Vn)2 — (div n)2)

dch - cholesteric pitch
vo : spontaneous bend  (below)
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Smectic liquid crystals - elastic energy

| |+ A
T 774
| |

Smectc A Hrmnects O

Order parameter: ¢ = pe'?,

Oom = Cjf |1 - (V4 — i gamtom)|” + C1L |V — igamton|” + ((p)

Jsm: Smectic pitch

"I’L | (V¢ - iQSmwn)‘Q — (n : V:O)2 + p2 (’I’L - Vw — QSm)2

Vi —igmtn|, = |Vp|, +p*|Vu|,

L § 0;  osm positively defined provided C) cos2a+ C sin?a >0
(o, angle (n, Vw))
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Spontaneous polarization

Let P = Pp be the (spontaneous) polarization vector.
opol[P] = Gy (div P)* + G |VP|* +G(P) .
G: scalar potential depending only on P.

Induced charges on the boundary: Canch|[P] = wp P (1 —D- 1/) .

The spontaneous bend depends on P:

AP if P+ 0 (spontaneous-polarization induced bend)
Vo =
bov An if P=0 (flexoelectric; v, layer normal)
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Geometry

N

(B:=T AN)
S curvature K
— .
torsion T

Q:{PERB:P:C(S)+§e, for s € 10,4], £ € 0,7],
e:cosﬁN—l—sim?B}.

Free-boundary conditions on nematic and smectic fields

Thin capillary: all fields depend only on s (w(s) = v=T)

n =cosa Tl +sinacosp N +sinasinp B.
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Linear shapes 1/3

Llet k =7=0 and P =0.

A non-zero cholesteric pitch may induce a SmA-SmC transition
even if C| > 0.

0 = Onem + Osm = (K1 sin? o + K5 cos? ) a?+ Ko (gen — ¢’ sin? a)2
+ Ky sin? a (by — ¢ cosa)” + of [p’Q cos® o + p* (w' cosa — qu)z}

+ Cypsin® o (p" 4 p*w'?) 4+ C(p)

Integrate E.L. eqn’s for p,w
Look for solutions with oo = ag and p = pg
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Linear shapes 2/3

K5 K5 (gen cos ag — bg sin? )2

O'(O{(),,OO) — )
K5 sin? ag + K3 cos? ag

2.2 i 2
C) CL pjqsm SIn“ g

+ .
C)cos? ag + C'1 sin? oy (o)

e SmA phase (ag = 0) always a stationarity point.

e SmA unstable even when C'| > 0, provided that

Ko

CJ_qumpg < E dch (KQQCh + 2bOK3) ,

since

Koqen (Kagen + 250K3>> 5
&g
K3

o(ao, po) = (0, po) + (O_ngmpg —

+ O(ag) as «g — 0.
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Linear shapes

3/3

b3

NE

dch / dsm

op
o)

Ky = K3 = C)pg;
C| = %CH (Ieft), .
bO/QSm =0 (bOld), i,

dch / dsm

* as a function of Jch/Gsm when

N3

N
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Flexoelectric bending?

No spontaneous bending if v is of flexoelectric origin.

/ o= f(/iT)K13A2 + (f(m“) — 1)K23q>2 12 f(rkr)—1
£,

f(kr)
000+ S s+ I
with
A= o/+ncosgp K13 := K1sin® a + K3 cos” o
b = (gp’ — 7)sina — K cos asin ¢ Koz := Ko sin® a + K3 cos” o
(K2gcnh + K3bg cos o) sin o 5 Cﬁpéqgm cos” o

= Kos ~oT C cos?a + CJ sin® o

o o 2(1-VI=2a?) /2% ifz € (0,1]

1 if =0,
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Bent SmA* 1/4

Let o = 0. Assume p = pg, P = Py =: \o/), ([Xo] = L71).

Let T := GP2, T := G1P3.
Let P = P, (cosch—I—sirubN).

Bulk free-energy density oy, = opem + 0sm + Opol

(Ao— K )2+2m0 (1—singb)]

o, = Koqy, + K3

1 — k€ cos 1 — k€ cos
2 2 .. 92
5 w’ B [’y kK sin” ¢
LG (1 — k& cos qsm) i (1 — K& cos¥)?

k2 sin? ¢ + (¢ + 7)?

I
i (1 — k€ cos¥)?

Anchoring: oanen = wp Py (1 — sin(Y + cb)) .
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Bent SmA* 2/4

Integrate over the transverse section, insert equilibrium value of W' ..

1
o o= Kaq?, + K3(A2 — 26X sin ¢ + &2 f (k1))
£,
f(rr) —1
+ O p3c,
I#o f(kr)

+ (T +T1)w?sin? ¢ f(kr) + T (¢ +7)*f(kr)

WpAg (2 + K7 sin ¢)
_I_
AT

Optimal polarization direction for K3-term: P = Py N.
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Bent SmA* 3/4

With above choices

fopt(/ﬁ), 7')

Tr2f

As
f(kr)

= Ay — A1kr + Ag (k1)? f(KrT) — + By f(kr) (11)?,

where A's and B's are non-negative:

Ag = Kgqgh 4+ Kg)\% + C“pgqgm + 2wpPy/r

P,
Ay = (2K3\ —wp) -2 Az = C||qu32m

.
Ay = (K3 +T+Tq)/r? B, =T/r*.

Minimum attained at 7 = 0 and positive k:

fOpt (Iia O)

wr2f

= (Ao — A3) — A1kr + (AQ - %) (kr)? + O(kr)*  (kr — 0)
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Bent SmA* 4/4

Preferred curvature of the axis of a SmA* capillary
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/ﬁlopt’r
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Py/F§

o Ks+D+4T Cl1p0%em
(PO ::( 3+ ) : Top to bottom, [ = 0,1, 10.

Ks+T'+14
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Helicoidal SmC* 1/4

Assume o = «y, b = . Then:

k2 cos? psin? ag

(1 — k€ cosV¥)?

op = osm(ao) + K1

i 2
sin ag , . .
K — — T)sin g — K €os g Sin
+ K> (th | récos? ((o ) 0 0 go))
2
, K COS (p COS arQ
+ K Ao Sin ¢g — )
° ( 0 b 1 — k& cos?
(¢! — 7)sinag — K cos ag sin ¢ 2
+ | Ao cos g — COS Q|
1 — k& cos?v
+ L1 [((90’ — T) cos ag + K sin ag sin go) COoS @p sin o
(1 — k€ cos9)?

— ((go’ — T) sin a cos ¢g + K cos p sin ¢g — K COs o Sin p cos ¢0) coS ao]

I
+ (1= nEcosv)? [((go’ — T) cos ap + K sin g singo)2

+ ((go’ — T) sin o cos ¢g + K cos p sin ¢g — K €cos o Sin i cos ¢0)2]
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Helicoidal SmC* 2/4

1-constant approximation + thin capillary regime:

Ki=Ky=Ks3=T=wp/A=K; I''=0; Mr<l —
If th:()r

3cos2an — 1 3 .
Kopt |, _o = | 3 U | Ao and  Topt dn0 = —3 sin 2cg Ag .

In general, Kopt, Topt are different from zero.

P.Biscari, M.C.Calderer Tel-cord instabilities Cortona '05 16/19



Helicoidal SmC* 3/4
0
Topt - dch
Ao
1
_2 1 ] 1
0 1 2 0 1 2
Q «
Curvature and torsion of an optimal-shaped SmC* capillary.
The plots correspond to g, /Ao = 0.1,0.5,1.0, 1.5, 2.
Exp obs: » = 0.85um, ryne1 = 2.25um, ppel = 6.7um; g, = 0 —
oo ~ 2OOC.
Tel-cord instabilities Cortona '05 17/19

P.Biscari, M.C.Calderer



Helicoidal SmC* 4/4

Small-ag limit:

2K3)\—LUP
fort = K+ T +Ty) 0 (a)
Ks(2(I'+T' )N+ w
Topt — — 3( ( 1) P> P()Oé() + O(Oég) as ag — 0.

2I' (K3 + T +1T4)
Optimal free energy:

F opt

2
2K\ —w P2 2wp P,
2 2K; P) St Kogd, + ———
Trel

4(K3—|—F—|—F1) T

- 2K, (2K3\ — wp) Pygeno
2(K3+ T +T4)

SmA* phase unstable if q., # 0!

= O‘Sm(()éo) —+ Kg)\(% —

+ O(eg)
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Conclusions

e A non-null cholesteric pitch may induce a SmA-SmC transition,
even when C| >0

e Flexoelectric effects do not lead to a spontaneous capillary bending

e k> 0in a SmA* capillary

e Telephone-cord instabilities arise in SmC*

e Cholesteric pitch not a direct ingredient for the tel-cord instability,
but it induces also a SmA*-SmC* transition.
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